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Astronomers reently disovered a non-trivial radial motion of stars within
our galaxy and were able to reprodue the results using n-body numeris.
I modeled a protoplanitary-like disk within a newtonian ∞-body problem
and onsidered the stability of loal trajetories giving a qualitative expla-
nation to the observed radial motion. As a prospet there will be a short
estimate on the impat on spiral arms.
Introdution
Observational and numerial data (Ro²kar et al. (2008)) stress the dynamial on-
sideration of spiral arms as for stars have been observed to migrate radially through the
spiral arms leaving signiant distanes between their observed positions and birthre-
gions. It is well known that spiral arms are trajetories of loal energeti minima with
a very small tangental inrease of potential energy thus making it possible to migrate
long distanes with low eort. This is why loal baryenters migrate along these tra-
jetories. The fous of this paper will now be the dynamis of objets in regions of
these loal baryenters.
The model
The model ontains of two parts: the loal gravitational impat and the non-loal
gravitational impats. To onsider the loal impats I assume the disk to be hot enough
in order to take a region with radius R of a dense region or objet (a star or planet to
be build) so that the region will be nearly homogenous (density ̺, mass m2 =
4π̺R3
3 )
in all three dimensions. The potential U then integrates
∆U = 4πγ̺ (1)
1
Obviously this leads to
Ui =
2πγ̺
3
r2 − A
r
+ B (2)
Demanding |Ui(r = 0)| <∞ leads to A = 0. Further there shall be
Ui(r = R) = −γm2
R
⇒ B = −2πγ̺R2 = −3γm2
2R
(3)
⇒ Ui = 2πγ̺
3
r2 − 3γm2
2R
=
γm2
2R
(
r2
R2
− 3
)
(4)
Thus the fore will be
⇒ Fi = −γm2
R3
r (5)
Taking other fores into aount the fore will slightly hange, hene will be pertur-
bated to
Fi = −α˜2r , α˜2 > 0 (6)
Integrating all the non-loal impats you will get a baryentral fore
Fe = − α˜1
r′2
, α˜1 > 0 (7)
With αi :=
−α˜i
m
, m being the mass of the dense objet, Newton's seond law beomes
(
x¨
y¨
)
=


α1x
(x2+y2)
3
2
+ α2 (x− χ)
α1y
(x2+y2)
3
2
+ α2 (y − ψ)


(8)
Whereas (χ;ψ)T is the urrent position of the loal baryenter with respet to the
baryenter of the non-loal masses and (x; y)T being the position of the dense objet
with respet to the baryenter of the non-loal masses being in the enter.
I do not onsider any motion normal to the plane of the disk, sine it is obvious that
it will be just some osillation. The model also only applies to the middle regions of
the disk, sine there are non-trivial z-omponents to the fore inside the bulge and in
the outer regions the onsidered region will not be as homogenous anymore.
Stability of trajetories
Now the trajetories an be haraterized by
f(X) :=


x˙
v˙x
y˙
v˙y

 =


vx
α1x
(x2+y2)
3
2
+ α2 (x− χ)
vy
α1y
(x2+y2)
3
2
+ α2 (y − ψ)

 (9)
2
with X := (x, vx, y, vy)
T
and x2 + y2 ≫ R2. Obviously is f in X lipshitz ontinuous
and thus omplies with the standard prerequisites. A possible Lyapunovfuntion will
have to integrate
0 ≥ V˙ := 〈∇V |f〉 = vx∂xV +
(
α1x
(x2+y2)
3
2
+ α2 (x− χ)
)
∂vxV
+vy∂yV +
(
α1y
(x2+y2)
3
2
+ α2 (y − ψ)
)
∂vyV
(10)
Using the identities x − χ =: x′, vx − vχ =: v′x, y − ψ =: y′, vy − vψ =: v′y and
X ′ := (x′, v′x, y
′, v′y)
T
V (X ′) :=


exp
(−x′2 + v′2x − y′2 + v′2y )− 1 , x′ ≥ 0, v′x ≥ 0, y′ ≥ 0, v′y ≥ 0
exp
(−x′2 + v′2x − y′2 − v′2y )− 1 , x′ ≥ 0, v′x ≥ 0, y′ ≥ 0, v′y ≤ 0
exp
(−x′2 + v′2x + y′2 + v′2y )− 1 , x′ ≥ 0, v′x ≥ 0, y′ ≤ 0, v′y ≥ 0
exp
(−x′2 + v′2x + y′2 − v′2y )− 1 , x′ ≥ 0, v′x ≥ 0, y′ ≤ 0, v′y ≤ 0
exp
(−x′2 − v′2x − y′2 + v′2y )− 1 , x′ ≥ 0, v′x ≤ 0, y′ ≥ 0, v′y ≥ 0
exp
(−x′2 − v′2x − y′2 − v′2y )− 1 , x′ ≥ 0, v′x ≤ 0, y′ ≥ 0, v′y ≤ 0
exp
(−x′2 − v′2x + y′2 + v′2y )− 1 , x′ ≥ 0, v′x ≤ 0, y′ ≤ 0, v′y ≥ 0
exp
(−x′2 − v′2x + y′2 − v′2y )− 1 , x′ ≥ 0, v′x ≤ 0, y′ ≤ 0, v′y ≤ 0
exp
(
x′2 + v′2x − y′2 + v′2y
)− 1 , x′ ≤ 0, v′x ≥ 0, y′ ≥ 0, v′y ≥ 0
exp
(
x′2 + v′2x − y′2 − v′2y
)− 1 , x′ ≤ 0, v′x ≥ 0, y′ ≥ 0, v′y ≤ 0
exp
(
x′2 + v′2x + y
′2 + v′2y
)− 1 , x′ ≤ 0, v′x ≥ 0, y′ ≤ 0, v′y ≥ 0
exp
(
x′2 + v′2x + y
′2 − v′2y
)− 1 , x′ ≤ 0, v′x ≥ 0, y′ ≤ 0, v′y ≤ 0
exp
(
x′2 − v′2x − y′2 + v′2y
)− 1 , x′ ≤ 0, v′x ≤ 0, y′ ≥ 0, v′y ≥ 0
exp
(
x′2 − v′2x − y′2 − v′2y
)− 1 , x′ ≤ 0, v′x ≤ 0, y′ ≥ 0, v′y ≤ 0
exp
(
x′2 − v′2x + y′2 + v′2y
)− 1 , x′ ≤ 0, v′x ≤ 0, y′ ≤ 0, v′y ≥ 0
exp
(
x′2 − v′2x + y′2 − v′2y
)− 1 , x′ ≤ 0, v′x ≤ 0, y′ ≤ 0, v′y ≤ 0
(11)
integrates 10 in the open region
Ω :=
{
(x, vx, y, vy)
T : |x− χ| < α1x
α2(x2 + y2)
3
2
, |y − ψ| < α1y
α2(x2 + y2)
3
2
}
(12)
with V (χ, vχ, ψ, vψ) = 0 = V˙ (χ, vχ, ψ, vψ) and oordinates respetively hosen to
omply x, y, vx, vy, χ, ψ > 0, whih is perfetly possible sine x, y, χ, ψ > 0 an be
hosen as there is x2 + y2 ≫ R2 ≥ (x − χ)2 + (y − ψ)2 and vx, vy > 0 dene the
surfae normal. The impliit funtion theorem ensures that there will always be a
time-interval to loally solve these onditions. Should the Jaobian be singular then
simply turn the oordinates a little (x2 + y2 ≫ R2 ≥ (x−χ)2 + (y−ψ)2). Ω herein is
the largest possible loal region to be observed.
3
Obviously
∀


x
vx
y
vy

 6=


χ
vχ
ψ
vψ

 : exp (−x′2 − v′2x − y′2 − v′2y
)− 1 < 0 (13)
thus in every region of (χ, vχ, ψ, vψ)
T
exists a point Z with V (Z) < 0. Hene the loal
region is instable and as a onsequene any dense objet within the region with leave
this in a nite period of time.
On migration
Sine it is known that the loal baryenters travel along the spiral arms any dense
objet in that regions will move with them and this way migrate radially through
the disk. On the other hand eah objet will leave that region after a nite time
and hene travel no longer with that loal baryenter. Now the objet is no more in a
loal energeti minimum and hene will move bak entering another radially migrating
region just to soon leave this again and enter right another. Multiple objets of the
same birthregion will do so indepenently. Thus the observed galaxies should show a
good mixture of young and old stars and stars with dierent hemial ompositions
sine there are stars from basially every birthregion lose another. These are exatly
the observed properties in the middle parts of galaxies.
It might be interesting to estimate the density of stars in spiral arms for long term
eets. In order to migrate outwards for an objet it needs energy whih has to be
taken from other objets for the sum of energies to stay onserved. Sine it seems
more likely to transfer low amounts of energy I will approximate the energy-transfer-
distribution as gaussian with the expeted transfer amount µE = 0. Let then T be
the average time between entering two onseutive regions and let Λ be the average
radial movement, then the energy-transfer-distribution ϕE with standard deviation σE
beomes
ϕE(∆E) =
1
σE
√
2π
exp
(
−∆E
2
2σ2E
)
(14)
In order to estimate σE I onsidered the energy Eg =
α1m3
2r of a mass m3 at radius r.
As the radius hanges by Λ the transfered energy is given by
µ∆E =
1
2
( |α1|m3
2 (r + Λ)
+
|α1|m3
2 (r − Λ)
)
=
|α1|m3
4
(
2r
r2 − Λ2
)
(15)
Now I average this over the entire appliable region with inner radius RI and outter
radius RO
µ∆E =
1
RO −RI
∫ RO
RI
µ∆Edr =
|α1|m3
4(RO −RI) ln
(
R2O − Λ2
R2I − Λ2
)
(16)
4
Now it is possible to approximate σE by
1
2
= 2
∫ µ∆E
0
ϕEd∆E (17)
The energy-density thus will be homogenous. Considering our own galaxy with RI =
8000ly ≪ r ≪ 50000ly = RO one nds E(8000ly) ≈ 6α110−21 Js2m3 m3 as well as
E(50000ly) ≈ α110−21 Js2m3 m3 and thus ∆E = 5α110−21 Js
2
m3
m3 on a distane of 42000ly
whih is nearly homogenous.
Conlusion
From (15) it is easy to see that the energy-transfer enables muh larger distanes
of migration the farther away an objet is from the enter of the disk. Hene one will
more likely nd a higher mixture of objets in the outter regions. On the other hand
this gives a mehanism preventing too many masses to fall into the interior regions
and thus from possibly falling into blak holes. Further keeps the disk from areting
too fast making it possible for planets and stars to form.
The loal instability hene has an impat on the largesale stability of a protoplan-
itary disks and spiral arms. It does also explain the observed mixture of stars.
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